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On generic supercuspidal representations of Sp2n
Koichi Takase
∗
Abstract
We will construct a family of irreducible generic supercuspidal repre-
sentations of the symplectic groups over non-archimedian local field F of
odd residual characteristic. The supercuspidal representations are com-
pactly induced from irreducible representations of the hyperspecial com-
pact subgroup which are inflated from irreducible representations of finite
symplectic groups over the finite quotient ring of the integer ring of F
modulo high powers of the prime element.
1 Introduction
The supercuspidal representations of a classical group G (that is a unitary,
symplectic or special orthogonal group) over a non-arcimedian local field F are
realized as compactly induced representations ind
G(F )
J δ where δ is an irreducible
finite dimensional complex representation of an open compact subgroup J of
G(F ) (see [5]).
If G is quasi-split and unramified over F , then G has a smooth model over
the integer ring OF of F . In this case, [1] shows that the supercuspidal repre-
sentation ind
G(F )
J δ is generic if and only if J is hyperspecial. We will consider
the case J = G(OF ).
The irreducible complex representations of G(OF ) come from those of the
finite group G(OF /p
r) (p is the maximal ideal of OF ) via the canonical sur-
jection G(OF ) → G(OF /p
r). If r = 1, we have well-developed theories on the
representation of the finite reductive group G(F) (F = OF /p is the residue class
field of F ). The understanding of the cases r > 1 is less complete. For exam-
ple the representation theory of GLn(OF /p
r) with r > 1 is studied by [4] and
then [2] to construct supercuspidal representations of GLn(F ), however their
descriptions of representations of GLn(OF /p
r) are rather complicated and not
suitable for detailed treatment or for generalization to other classical groups.
Recently [6] gives a uniform and quite explicit description of the irreducible
representations of G(OF /p
r) (r > 1) associated with the regular adjoint orbit,
under the assumption of triviality of certain Schur multiplier. The Schur multi-
plier is trivial if the characteristic polynomial of the adjoint orbit is irreducible
modulo p. So starting from this explicit description of irreducible complex rep-
resentations δ of G(OF ), we may be able to give a simple proof of the fact that
the compactly induced representation ind
G(F )
G(OF )
δ is a generic supercuspidal rep-
resentation. It also gives a good foundation for the further detailed studies on
the generic supercuspidal representations of classical groups.
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In this paper, we will study this procedure in detail for the case of the
symplectic group. Our main results are presented as Theorem 2.2.1. The rest
of this paper is devoted to the proofs.
2 Main results
2.1 Let F be a non-dyadic non-archimedian local field. The integer ring of F
is denoted by OF with the maximal ideal p generated by ̟. The residue class
field is denoted by F = OF /p. Let τ be a continuous unitary additive character
of F such that
{x ∈ F | τ(xOF ) = 1} = OF .
Let G = Sp2n be the symplectic group and g = sp2n its Lie algebra with respect
to the symplectic form
Jn =
[
0 In
−In 0
]
where In =
 1. . .
1
 ,
that is to say G (resp. g) is a smooth OF -group scheme (resp. affine OF -scheme)
such that
G(L) = {g ∈ GL2n(L) | gJn
tg = Jn}
(resp. g(L) = {X ∈ gl2n(L) | XJn + Jn
tX = 0})
for any commutative OF -algebra L. Let us denote by
B : g× g→ Spec(OF [t])
the trace form, that is B(X,Y ) = tr(XY ) for all X,Y ∈ g(L) with any commu-
tative OF -algebra L.
For any OF -group subscheme H ⊂ G and for any integers 0 < r < l,
let us denote by H(pl/pr) (resp. H(pr)) the kernel of the canonical group
homomorphism H(OF /p
r) → H(OF /p
l) (resp. H(OF ) → H(OF /p
r)). These
group homomorphisms are surjective if H is smooth over OF .
2.2 Fix an integer r > 1 and put r = l + l′ with the smallest integer l such
that 0 < l′ ≤ l, in other word
l′ =
{
l : if r = 2l is even,
l − 1 : if r = 2l− 1 is odd.
Fix a β ∈ g(OF ) such that the reduction modulo p of the characteristic poly-
nomial χβ(t) of β ∈ gl2n(OF ) is irreducible over F. Then the F -subalgebra
K = F [β] of the matrix algebraM2n(F ) is an unramified field extension of F of
degree 2n. The element τ ∈ Gal(K/F ) of order 2 of the cyclic extension K/F
is given by xτ = Jn
txJ−1n . In particular β
τ = −β. The integer ring and the
residue class field of K are denoted by OK and K = OK/̟OK respectively.
On the other hand β is a regular semisimple element of g(F ) and its centralizer
T = ZG(β) in G is a maximal torus of G which splits over K. More precisely T
is a smooth OF -group subscheme of G such that
T (L) =
{
g ∈ L[β]× | gJn
tgJ−1n = 12n
}
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for any commutative OF -algebra where β ∈ g(L) is the image of β ∈ g(OF ) by
the canonical homomorphism g(OF )→ g(L). In particular
T (OF /p
r) =
{
ε ∈ (OK/̟
rOK)
×
| ε ∈ O×K s.t.NK/K+(ε) = 1
}
(1)
where K+ ⊂ K is the fixed subfield of τ ∈ Gal(K/F ).
A group isomorphism g(OF /p
l′) →˜G(pl/pr) is given by
X (mod pl
′
) 7→ 12n +̟
lX (mod pr).
Let us denote by ψβ the unitary character of G(p
l/pr) defined by
ψβ
(
12n +̟
lX (mod pr)
)
= τ
(
̟−l
′
B(X, β)
)
.
On T (OF /p
r) ∩G(pl/pr), the character ψβ is described by
ψβ
(
1 +̟lx (mod pr)
)
= τ
(
̟−l
′
TK/F (xβ)
)
with x ∈ OK = OF [β] such that x+ x
τ ≡ 0(mod pl
′
).
The equivalence classes of the irreducible complex representations of the
finite group G(OF /p
r) is denoted by Irr(G(OF /p
r)) which is identified with the
equivalence classes of the representations of the compact group G(OF ) trivial
on G(pr).
Let us denote by Irr(G(OF /p
r), ψβ) the equivalence classes of the irreducible
complex representations δ of G(OF /p
r) such that the restriction δ|G(pl/pr) con-
tains the character ψβ .
The set of the group homomorphisms θ : T (OF /p
r)→ C× such that θ = ψβ
on T (OF /p) ∩G(p
l/pr) is denoted by Θ(T (OF/p
r), ψβ).
Then a bijection θ 7→ δβ,θ of Θ(T (OF /p
r), ψβ) onto Irr(G(OF /p
r), ψβ) is
given as an application of the general theory developed by [6]. See section 3 for
some details.
Now our main result is
Theorem 2.2.1 For any θ ∈ Θ(T (OF/p
r), ψβ), the compactly induced repre-
sentation πβ,θ = ind
G(F )
G(OF )
δβ,θ is
1) irreducible generic supercuspidal representation of G(F ),
2) with the formal degree
dim δβ,θ = q
n2r(1− q−n)
n−1∏
k=1
(
1− q−2k
)
if the Haar measure of G(F ) is normalized so that the volume of G(OF )
is one.
3) The irreducible representation δβ,θ is contained in πβ,θ|G(OF ) with multi-
plicity one, and
4) if an irreducible complex representation δ of G(OF /p
r) is contained in
πβ,θ|G(OF ), then δ = δβ,θ.
The explicit description of δβ,θ will be given in the next section. The proof of
Theorem 2.2.1, except the genericity of πβ,θ, is given in Section 4. The genericity
is proved in Section 5.
3
3 Representations of hyperspecial compact sub-
group
In this section, we will recall the explicit descriptions of the bijection θ 7→ δβ,θ
of Θ(T (OF/p
r), ψβ) onto Irr(G(OF /p
r), ψβ) given by [6].
We will keep the notations of section 2.
3.1 Let us denote by H(OF /p
r) the subgroup of g ∈ G(OF /p
r) such that
ψβ(ghg
−1) = ψβ(h) for allh ∈ G(p
l/pr).
In other word
H(OF /p
r) =
{
g (mod pr) ∈ G(OF /p
r)
∣∣∣∣ Ad(g)β ≡ β (mod pl′)}
= T (OF /p
r) ·G(pl
′
/pr)
because T is a smooth OF -group scheme, and hence the canonical group homo-
morphism T (OF /p
r)→ T (OF /p
l′) is surjective.
Let us denote by Irr(H(OF /p
r), ψβ) the set of the equivalence classes of the
irreducible complex representations σ of H(OF /p
r) such that the restriction
σ|G(pl/pr) contains the character ψβ . Then Clifford’s theory says that
σ 7→ Ind
G(OF /p
r)
H(OF /pr)
σ
gives a bijection of Irr(H(OF /p), ψβ) onto Irr(G(OF /p
r), ψβ). We have a bijec-
tion θ 7→ σβ,θ of Θ(T (OF /p
r), ψβ) onto Irr(H(OF /p
r), ψβ) described as in the
following two subsections. Then
θ 7→ δβ,θ = Ind
G
Hσβ,θ (G = G(OF /p
r), H = H(OF /p
r))
gives the required bijection of Θ(T (OF/p
r), ψβ) onto Irr(G(OF /p
r), ψβ).
3.2 Suppose that r = 2l is even. Then
H(OF /p
r) = T (OF /p
r) ·G(pl/pr)
and θ ∈ Θ(T (OF /p
r), ψβ) define a character σβ,θ of H(OF /p
r) by
σβ,θ(gh) = θ(g) · ψβ(h)
for g ∈ T (OF /p
r) and h ∈ G(pl/pr).
3.3 Suppose that r = 2l − 1 ≥ 3 is odd. In this case we have
H(OF /p
r) = T (OF /p
r) ·G(pl−1/pr).
We will construct a representation of G(pl−1/pr) by means of Schro¨dinger repre-
sentation, and then we will extend it to a representation of H(OF /p
r) by means
of Weil representation over the finite field F.
Let t = Lie(T ) be the Lie algebra of the OF -group scheme T = ZG(β). Then,
for any commutative OF -algebra L
t(L) = {X ∈ g(L) | [X, β] = 0}
4
is the centralizer of β ∈ g(L) (the image of β ∈ g(OF ) by the canonical homo-
morphism g(OF )→ g(L)) in g(L).
Let us denote by Z(pl−1/pr) the inverse image of t(F) under the surjective
group homomorphism G(pl−1/pr)→ g(F) defined by
12n +̟
l−1X (mod pr) 7→ X (mod p)
which is a normal subgroup of G(pl−1/pr) containing G(pl/pr).
Put V = g(F)/t(F) which is a symplectic F-space with respect to the sym-
plectic form 〈X˙, Y˙ 〉β = B([X,Y ], β) (X,Y ∈ g(F) and β = β (mod p) ∈ g(F)).
Sice B|t(F)×f(F) is non-degenerate, we have g(F) = V ⊕ t(F) with
V = {X ∈ g(F) | B(X, t(F)) = 0}.
Let us denote by v 7→ [v] the inverse F-linear mapping of the canonical F-linear
isomorphism V →˜V.
LetHβ be the Heisenberg group associated with the symplectic space (V, 〈 , 〉β),
that is Hβ = V× C
1 with group operation
(u, s) · (v, t) = (u+ v, s · t · τ̂(2−1〈u, v〉β))
where τ̂(x(mod p)) = τ(̟−1x) and C1 is the multiplicative group of complex
numbers of absolute value one. Fix a polarization V = W′ ⊕ W. Then we
have an irreducible unitary representation (ωβ , L
2(W′)) ofHβ called Schro¨dinger
representation. Here L2(W′) is the complex vector space of the complex-valued
functions on W′, and
(ωβ(u, s)f) (w) = s · τ̂
(
2−1〈u−, u+〉β + 〈w, u+〉β
)
· f(w + u−)
for f ∈ L2(W′) and (u, s) ∈ Hβ with u = u− + u+ (u− ∈ W
′, u+ ∈ W). By a
general theory of Weil representation over finite field [3], there exists a group
homomorphism Ω : Sp(V)→ GLC(L
2(W′)) such that
ωβ(uσ, s) = Ω(σ)
−1 ◦ ωβ(u, s) ◦ Ω(σ)
for all σ ∈ Sp(V) and (u, s) ∈ Hβ .
Fix additive character ρ of t(F). Then an irreducible representation ωβ,ρ of
G(pl−1/pr) on L2(W′) is defined as follows. Take an element h = 12n +̟
l−1T
(mod pr) of G(pl−1/pr) and hence T (mod p) ∈ g(F). Put T (mod p) = [v] + Y
with v ∈ V and Y ∈ t(F). Then ωβ,ρ(h) ∈ GLC(L
2(W′)) is defined by
ωβ,ρ(h) = τ
(
̟−lB(T, β)− 2−1B(T 2, β)
)
· ρ(Y ) · ωβ(v, 1).
If h ∈ Z(pl−1/pr), then ωβ,ρ(h) is the homothety of
ψβ,ρ(h) = τ
(
̟−lB(T, β)− 2−1B(T 2, β)
)
· ρ(T (mod p)),
where ψβ,ρ is a character of Z(p
l−1/pr) which coincides with ψβ on G(p
l/pr),
and all extensions of ψβ to Z(p
l−1/pr) are given in this way. Furthermore we
have
Ind
G(pl−1/pr)
Z(pl−1/pr)
ψβ,ρ =
dimωβ,ρ⊕
ωβ,ρ (2)
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where
dimωβ,ρ = q
2−1(dimF g(F)−t(F)) = qn
2
.
Take a g ∈ T (OF /p
r) and put g = g (mod p) ∈ T (F). Then σg ∈ Sp(V)
is defined by vσg = Ad(g)
−1X (mod t(F)) for v = X (mod t(F)) ∈ V. Then an
irreducible representation (σβ,ρ, L
2(W′)) of H(OF /p
r) = T (OF /p
r) ·G(pl−1/pr)
is defined by
σβ,ρ(gh) = Ω(σg) ◦ ωβ,ρ(h)
for g ∈ T (OF /p
r) and h ∈ G(pl−1/pr). Note that on
T (OF /p
r) ∩G(pl−1/pr) ⊂ Z(pl−1/pr),
σβ,ρ is the homothety by ψβ,ρ.
Now take a θ ∈ Θ(T (OF /p
r), ψβ) and restrict ρ by the condition that ψβ,ρ =
θ on T (OF /p
r) ∩G(pl−1/pr). In other word ρ is given by
ρ(Y (mod p)) = τ
(
−̟−lB(Y, β)
)
· θ(g)
for Y ∈ t(OF ) and
g = 12n +̟
l−1Y + 2−1̟2l−2Y 2 (mod pr) ∈ T (OF /p
r).
Note that the canonical morphism t(OF )→ t(F) is surjective. Then finally the
representation σβ,θ of H(OF /p
r) is defined by
σβ,θ(gh) = θ(g) · σβ,ρ(gh)
for g ∈ T (OF /p
r) and h ∈ G(pl−1/pr).
3.4 The explicit construction of ββ,θ being given, the dimension of it is
Proposition 3.4.1 For any θ ∈ Θ(T (OF /p
r), ψβ), we have
dim δβ,θ = q
n2r(1− q−n)
n−1∏
k=1
(
1− q−2k
)
.
[Proof] To begin with
dim δβ,θ = (G(OF /p
r) : H(OF /p
r)) · dimσβ,θ
and
dim σβ,θ =
{
1 : if r = 2l is even,
qn
2
: if r = 2l− 1 is odd.
Since H(OF /p
r) = T (OF /p
r)G(pl
′
/pr), we have
|H(OF /p
r)| =
|T (OF /p
r)||G(pl
′
)|
|T (OF /pr) ∩G(pl
′)|
= |T (OF /p
l′)| ·
|G(OF /pr)|
|G(OF /pl
′)
.
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Now
|G(OF /p
r)| = qn(2n+1)r
n∏
k=1
(1− q−2k).
On the other hand we have an exact sequence
1→ T (OF /p
r)→ (OK/̟
rOK)
×
NK/K+
−−−−−→
(
OK+/̟
rOK+
)×
→ 1
because of (1), and hence |T (OF /p
r)| = qnr(1 + q−n). 
4 Construction of irreducible supercuspidal rep-
resentations
In this section we will prove Theorem 2.2.1 except the genericity.
We will keep the notations of the preceding sections. Fix a θ ∈ Θ(T (OF /p
r), ψβ).
Let us denote by Vβ,θ the representation space of δβ,θ.
4.1 To begin with, we will fix standard parabolic subgroups of G = Sp2n.
B =
{[
a b
0 τa−1
]
∈ Sp2n
}
= L⋉ U
is a Borel subgroup where
L =

[
a 0
0 τa−1
] ∣∣∣∣ a =
a1 . . .
an

 ,
U =

[
a b
0 τa−1
]
∈ Sp2n
∣∣∣∣ a =
1 *. . .
1

 .
We use the notation τa = In
taIn for a square matrix a of size n, that is the
matrix transposed with respect to the second diagonal. The standard maximal
parabolic subgroups Pi = Li ⋉ Ui (1 ≤ i ≤ n) are given by
Li =


g
a b
c d
τg−1
 ∣∣∣∣ g ∈ GLi, [a bc d
]
∈ Sp2(n−i)
 ,
Ui =


1i ∗ ∗ ∗
1n−i 0 ∗
1n−i ∗
1i
 ∈ Sp2n
 .
They are all smooth OF -group subscheme of G = Sp2n. The Lie algebra ui and
li of Ui and Li are given by
ui =


0 A B C
0 0 τB
0 −τA
0
 ∣∣∣∣ A,B ∈Mi,n−i, C ∈Mi,τ C = C

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and
li =


X
A B
C −τA
−τX
 ∣∣∣∣ X ∈ gli, [A BC −τA
]
∈ sp2(n−i)

respectively. The Lie algebra of Pi is pi = li ⊕ ui.
4.2 We will use the following proposition repeatedly.
Proposition 4.2.1 For all 1 ≤ i ≤ n, the space of Ui(p
r−1/pr)-fixed vectors of
Vβ,θ is trivial.
[Proof] G(pl/pr) is a normal subgroup of G(OF /p
r) and δβ,θ|G(pl/pr) contains
the character ψβ of G(p
l/pr). Then
δβ,θ|G(pl/pr) =
(⊕
g
ψβ
g
)e
(0 < e ∈ Z)
where
⊕
g
is the direct sum over the representatives g of H(OF /p
r)\G(OF /p
r)
and
ψβ
g(h) = ψβ(ghg
−1) = ψAd(g−1)β(h).
Note that Ui(p
r−1/pr) ⊂ G(pl−1/pr). If there exists a non-trivial Ui(p
r−1/pr)-
fixed vector in Vβ,β, then there exists a g ∈ G(OF ) such that ψAd(g)β(h) = 1 for
all h ∈ Ui(p
r−1/pr). This means that
τ(̟−1B(X,Ad(g)β)) = 1 that is B(X,Ad(g)β) ≡ 0 (mod p)
for all X ∈ ui(OF ). This implies that Ad(g)β (mod p) ∈ pi(F), and this means
that the characteristic polynomial χβ(t)(mod p) is reducible in F[t], contradict-
ing the assumption on β. 
4.3 In this subsection, we will prove the statements 1), 3) and 4) of Theorem
2.2.1 except the genericity.
To begin with
Proposition 4.3.1 E = ind
G(F )
G(OF )
δβ,θ is admissible G(F )-module.
[Proof] For any 0 < m ∈ Z, the space of the G(pm)-fixed vectors is
EG(p
m) =
⊕
g
Vβ,θ
G(OF )∩g
−1G(pm)g
where
⊕
g
is the direct sum over the representatives g of the double cosets
G(pm)\G(F )/G(pm). Pick up one such representative g which should be of the
form g = k
[
a 0
0 τa−1
]
with k ∈ G(OF ) and
a =
̟
e1
. . .
̟en
 , e1 ≥ · · · ≥ en ≥ 0.
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Assume that
Max{ek − ek+1 | 1 ≤ k < n} = ei − ei+1 ≥ m.
Then we have [
a 0
0 τa−1
]
Ui(OF )
[
a 0
0 τa−1
]−1
⊂ G(pm)
and hence Ui(OF ) ⊂ G(OF ) ∩ g
−1G(pm)g. Then
Vβ,θ
G(OF )∩g
−1G(pm)g ⊂ Vβ,θ
Ui(OF ) = {0}
by Proposition 4.2.1. Now the number of the elements k
[
a 0
0 τa−1
]
where k is
the representative of G(pm)\G(OF ) and
a =
̟
e1
. . .
̟en
 with {e1 ≥ · · · ≥ en ≥ 0,
Max{ek − ek+1 | 1 ≤ k < n} ≤ m
is finite. So EG(p
m) is finite dimensional. 
Next we will prove
Proposition 4.3.2 As a G(OF )-module
1) ind
G(F )
G(OF )
δβ,θ contains δβ,θ with multiplicity one,
2) if an irreducible representation δ of G(OF /p
r) is contained in ind
G(F )
G(OF )
δβ,θ,
then δ = δβ,θ.
[Proof] Take an irreducible representation δ of G(OF /p
r) which is identi-
fied with a representation of G(OF ) via the canonical surjection G(OF ) →
G(OF /p
r). We have(
ind
G(F )
G(OF )
δβ,θ
)∣∣∣
G(OF )
=
⊕
g
ind
G(OF )
G(OF )∩g−1G(OF )g
δβ,θ
g,
where
⊕
g
is the direct sum over the representatives g of the double cosets
G(OF )\G(F )/G(OF ) and δβ,θ
g(h) = δβ,θ(ghg
−1). Then we have
HomG(OF )
(
δ, ind
G(F )
G(OF )
δβ,θ
)
=
⊕
g
HomG(OF )
(
δ, ind
G(OF )
G(OF )∩g−1G(OF )g
δβ,θ
g
)
=
⊕
g
HomG(OF )∩g−1G(OF )g (δ, δβ,θ
g)
=
⊕
g
Homg−1G(OF )g∩G(OF ) (δ
g, δβ,θ)
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by Frobenius reciprocity. Take a representative g of G(OF )\G(F )/G(OF ) such
that g 6∈ G(OF ). Then we can assume that
g =
[
a 0
0 τa−1
]
with a =

̟e1
. . .
̟ei
1
. . .
1

and e1 ≥ · · · ≥ ei > 0 (1 ≤ i ≤ n). In this case
g−1G(OF )g ∩G(OF ) ⊃ g
−1Ui(OF )g ∩ Ui(OF ) = Ui(OF ) ⊃ Ui(p
r−1)
so that
Homg−1G(OF )g∩G(OF )(δ
g, δβ,θ) ⊂ HomUi(pr−1)(δ
g, δβ,θ).
Now we have gUi(p
r−1)g−1 ⊂ Ui(p
r) and δ factors throughG(OF )→ G(OF /p
r),
hence
Homg−1G(OF )g∩G(OF )(δ
g, δβ,θ) = {0}
because the space of Ui(p
r−1)-invariant vectors in Vβ,θ is trivial. Then we have
HomG(OF )(δ, ind
G(F )
G(OF )
δβ,θ) = HomG(OF )(δ, δβ,θ)
and this complete the proof. 
Then we have
Proposition 4.3.3 ind
G(F )
G(OF )
δβ,θ is an irreducible representation of G(F ).
[Proof] Put δ = δβ,θ for simplicity. Suppose that E = ind
G(F )
G(OF )
δ has a non-
trivial G(F )-submodule V . Then we have
HomG(F )
(
V, ind
G(F )
G(OF )
δ
)
⊂ HomG(F )
(
V, Ind
G(F )
G(OF )
δ
)
= HomG(OF )(V, δ)
by Frobenius reciprocity so that V contains δ as a G(OF )-module. On the other
hand M = E/V is an admissible G(F )-module and we have
HomG(F )
(
ind
G(F )
G(OF )
δ,M
)
= HomG(F )
(
M∨,
(
ind
G(F )
G(OF )
δ
)∨)
= HomG(F )
(
M∨, Ind
G(F )
G(OF )
δ∨
)
= HomG(OF ) (M
∨, δ∨)
= HomG(OF )
(
δ∨∨,
(
M∨|G(OF )
)∨)
= HomG(OF )(δ,M)
(here ∨ denote the contragredient representation) so that M contains δ as a
G(OF )-module. Since E is semisimple G(OF )-module, this means that E con-
tains δ at least twice, contradicting to Proposition 4.3.2. 
Now the compactly induced representation πβ,θ = ind
G(F )
G(OF )
δβ,θ is an irre-
ducible admissible representation of G(F ), it is well known that πβ,θ is super-
cuspidal.
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4.4 In this subsection, we will prove the statement 2) of Theorem 2.2.1. Put
(δβ,θ, Vβ,θ) = (δ, V ) for simplicity.
Let dG(OF )(k) be the Haar measure onG(OF ) such that the volume ofG(OF )
is one, and dG(F )(x) the Haar measure on G(F ) such that∫
G(F )
ϕ(x)dG(F )(x) =
∑
x˙∈G(F )/G(OF )
∫
G(OF )
ϕ(xk)dG(OF )(k)
for all compactly supported complex valued continuous functions ϕ. Then the
volume of G(OF ) with respect to dG(F )(x) is one.
Now ind
G(F )
G(OF )
δ consists of the smooth function ϕ : G(F )→ V such that
1) ϕ(xk) = δ(k)−1ϕ(x) for all k ∈ G(OF ) and
2) supp(ϕ) (mod G(OF )) is compact in G(F )/G(OF ).
On the other hand Ind
G(F )
G(OF )
δ∨ consists of the smooth functions
ψ : G(F )→ V ∗ = HomC(V,C)
such that ψ(xk) = ψ(x) ◦ δ(k) for all k ∈ G(OF ). A non-degenerate pairing
〈 , 〉 : ind
G(F )
G(OF )
δ × Ind
G(F )
G(OF )
δ∨ → C
is defined by
〈ϕ, ψ〉 =
∑
x˙∈G(F )/G(OF )
〈ϕ(x), ψ(x)〉
where 〈 , 〉 : V × V ∗ → C is the canonical pairing.
Take any v ∈ V and α ∈ V ∗ and define ϕv ∈ ind
G(F )
G(OF )
δ and ψα ∈ Ind
G(F )
G(OF )
δ∨
by
ϕv(x) =
{
δ(x)−1v : if x ∈ G(OF ),
0 : otherwise,
and by
ψα(x) =
{
α ◦ δ(x) : if x ∈ G(OF ),
0 : otherwise
respectively. Then we have
〈g · ϕv, ψα〉 =
{
〈δ(g)v, α〉 : if g ∈ G(OF ),
0 : otherwise
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for any g ∈ G(F ). Now∫
G(F )
〈g · ϕv, ψα〉〈g
−1 · ϕv, ψα〉dG(F )(g)
=
∑
g˙∈G(F )/G(OF )
∫
G(OF )
〈gk · ϕv, ψα〉〈k
−1g−1 · ϕv, ψα〉dG(OF )(k)
=
∑
g˙∈G(F )/G(OF )
∫
G(OF )
〈g · ϕδ(k)v, ψα〉〈g
−1 · ϕv, ψδ∨(k)α〉dG(OF )(k)
=
∫
G(OF )
〈δ(k)v, α〉〈v, δ∨(k)α〉dG(OF )(k)
=(dim δ)−1〈v, α〉2 = (dim δ)−1〈ϕv, ψα〉
2
so that the formal degree of ind
G(F )
G(OF )
δ is
dim δ = qn
2r(1− q−n)
n−1∏
k=1
(1 − q−2k)
by Proposition 3.4.1.
5 Genericity of supercuspidal representations
In this section we will show that the irreducible supercuspidal representation
πβ,θ = ind
G(F )
G(OF )
δβ,θ constructed in the preceding section is generic, that is
HomG(F )
(
πβ,θ, Ind
G(F )
U(F )χ
)
6= 0
for some generic character χ of U(F ).
5.1 The characters (that is the continuous group homomorphism to C1) of
U(F ) are given by
χu(h) = τ
(
n−1∑
k=1
ukak,k+1 + unbn,1
)
for h =
[
a b
0 τa−1
]
∈ U(F )
with u = (u1, · · · , un−1, un) ∈ F
n where aij and bij denote the (i, j)-entry of the
square matrices a and b respectively. Put χgu(h) = χu(g
−1hg) for any g ∈ G(F ).
If g =
[
t 0
0 τ t−1
]
∈ T (F ), then χgu = χu′ with
u′ = (t−11 t2u1, · · · , t
−1
n−1tnun−1, t
−2
n un).
So χu is generic, that is
{g ∈ T (F ) | χgu = χu} = Z(G(F )) = {±12n}
if and only if ui 6= 0 (1 ≤ i ≤ n). In this case
χgu = χ(2,2,··· ,2,λ) (λ ∈ F
×)
with suitable g ∈ T (F ).
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5.2 Put u = (2, 2, · · · , 2, ̟e). Because of Iwasawa decomposition G(F ) =
G(OF )T (F )U(F ), we have
HomG(F )
(
ind
G(F )
G(OF )
δβ,θ, Ind
G(F )
U(F )χu
)
=
∏
g
HomG(OF )∩gU(F )g−1 (δβ,θ, χ
g
u)
=
∏
g
HomU(OF )(δβ,θ, χ
g
u)
where the last
∏
g
is the direct product over the representatives g ∈ T (F ) of
G(OF )\G(F )/U(F ). We can put g =
[
̟m 0
0 τ̟−m
]
with
̟m =
̟
m1
. . .
̟mn
 , m = (m1, · · · ,mn) ∈ Zn.
Then we have
Proposition 5.2.1 HomU(OF )(δβ,θ, χ
g
u) 6= 0 for some g only if e ≡ r (mod 2).
In this case
χgu = χ(2̟−r ,2̟−r,··· ,2̟−r ,̟−r).
[Proof] Put where Then χgu = χu′ with
u′ = (2̟m2−m1 , · · · , 2̟mn−mn−1 , ̟e−2mn).
If mi+1 − mi ≥ −(r − 1) for some 1 ≤ i < n or e − 2mn ≥ −(r − 1), then
χgu(h) = 1 for all h ∈ Ui(p
r−1) for some 1 ≤ i ≤ n. In other word δβ,θ contains
non-trivial Ui(p
r−1)-invariant vectors which contradicts to Proposition 4.2.1. So
we have
mi+1 −mi ≤ −r (1 ≤ i < n) and e− 2mn ≤ −r.
On the other hand δβ,θ is trivial on G(p
r), and hence χgu(h) = 1 for all h ∈
U(OF ) ∩G(p
r). This means that
mi+1 −mi + r ≥ 0 (1 ≤ i < n) and e − 2mn + r ≥ 0.
Hence e+ r = 2mn and mi −mi+1 = r (1 ≤ i < n). 
Put χr = χ(2̟−r,··· ,2̟−r ,̟−r) which is regarded as a character of U(OF /p
r).
On the other hand we have
δβ,θ = Ind
G(OF /p
r)
H(OF /pr)
σβ,θ
which is considered as a representation of G(OF ) via the canonical surjection
G(OF ) → G(OF /p
r). Then, putting U = U(OF /p
r) and H = H(OF /p
r) for
the sake of simplicity, we have
HomU(OF ) (δβ,θ, χr) = HomU
(
Ind
G(OF /p
r)
H σβ,θ, χr
)
=
⊕
g
HomU
(
IndUU∩gHg−1σAd(g)β,θg , χr
)
=
⊕
g
HomU∩gHg−1
(
σAd(g)β,θg , χr
)
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where
⊕
g
is the direct sum over the representatives of U\G(OF /p
r)/H and
θg(h) = θ(g−1hg) (h ∈ T (OF /p
r)). Note that
U(OF /p
r) ∩ gH(OF /p
r)g−1 = U(pl
′
/pr) for all g ∈ G(OF /p
r).
To show this fact, replacing Ad(g)β with β, it is sufficient to consider the case
g = 12n. In this case U(OF /p
r)∩H(OF /p
r) is the inverse image of U(OF /p
l′)∩
T (OF /p
l′) under the canonical surjection U(OF /p
r)→ U(OF /p
l′). Take a
h = 12n+X (mod p
l′) ∈ U(OF /p
l′)∩T (OF /p
l′) = U(OF /p
l′)∩
(
OK/̟
l′OK
)×
.
Then X (mod pl
′
) ∈ OK/̟
l′OK is nilpotent, and hence X ≡ 0(mod p
l′). So
U(OF /p
l′) ∩ T (OF /p
l′) = {1} and we have
U(OF /p
r) ∩H(OF /p
r) = U(pl
′
/pr).
5.3 Suppose that r = 2l is even, and hence l′ = l. In this case the character
σβ,θ of H(OF /p
r) = T (OF /p
r)G(pl/pr) is defined by
σβ,θ(gh) = θ(g)ψβ(h) for g ∈ T (OF /p
r), h ∈ G(pl/pr).
Then we have
HomU(pl/pr)(σβ,θ, χr) = HomU(pl/pr)(ψβ , χr).
Hence HomU(pl/pr)(σβ,θ, χr) 6= 0 if and only if ψβ = χr on U(p
l/pr).
5.4 Suppose that r = 2l − 1 is odd, and hence l′ = l − 1. In this case the
irreducible representation σβ,θ of H(OF /p
r) = T (OF /p
r)G(pl−1/pr) is defined
by
σβ,θ(gh) = θ(g) · Ω(σg) ◦ ωβ,ρ(h)
for g ∈ T (OF /p
r) and h ∈ G(pl−1/pr) with the notations of subsection 3.3.
Hence σβ,θ = ωβ,ρ on U(p
l−1/pr). On the other hand we have (2), hence
HomU(pl−1/pr)(σβ,θ, χr) 6= 0
if and only if
HomU(pl−1/pr)(Ind
G(pl−1/pr)
Z(pl−1/pr)
ψβ,ρ, χr) 6= 0. (3)
Note that
U(pl−1/pr) ∩ Z(pl−1/pr) = U(pl/pr)
because 12n+̟
l−1X (mod pr) ∈ U(pl−1/pr)∩Z(pl−1/pr) implies thatX (mod p) ∈
t(F) is nilpotent, that is X (mod p) = 0. Hence we have
HomU(pl−1/pr)
(
Ind
G(pl−1/pr)
Z(pl−1/pr)
ψβ,ρ, χr
)
=
⊕
g
HomU
(
IndUU∩gZg−1ψAd(g)β,ρ◦Ad(g−1), χr
)
=
⊕
g
HomU(pl/pr)
(
ψAd(g)β,ρ◦Ad(g−1), χr
)
=
⊕
g
HomU(pl/pr)
(
ψAd(g)β , χr
)
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where U = U(pl−1/pr), Z = Z(pl−1/pr) and
⊕
g
is the direct sum over the
representatives g of the double cosets U\G(pl−1/pr)/Z. So (3) is equivalent to
ψAd(g)β = χr on U(p
l/pr) for some g ∈ G(pl−1/pr).
5.5 The combination of the results of subsections 5.2, 5.3 and 5.4 implies that
HomG(F )(πβ,θ, Ind
G(F )
U(F )χu) 6= 0
with u = (2, 2, · · · , 2, ̟e) (e ≡ r (mod 2)) if and only if
ψAd(g)β = χ(2̟−r ,··· ,2̟−r,̟−r) on U(p
l/pr)
for some g ∈ G(OF ). We will show that this is the case by proving the following
proposition.
Proposition 5.5.1 There exists a g ∈ G(OF ) such that Ad(g)β =
[
A ∗
C −τA
]
with
A =

∗
*1 ∗
. . .
. . .
0 1 ∗
 , C =

0 · · · 0 1
0 · · · 0 0
...
...
...
0 · · · 0 0
 .
[Proof] K is the splitting field of the characteristic polynomial χβ(t) of β ∈
g(OF ) ⊂ gl2n(OF ), and we can put
χβ(t) =
n∏
i=1
(t2 − λ2i ) (0 6= λi ∈ K).
Let 〈u, v〉 = uJ tnv be the symplectic form on K
2n and Vλ ⊂ K
2n the eigen space
of β with eigen value λ ∈ K. Then 〈Vλ, Vµ〉 6= 0 only if λ+ µ = 0, and we have
K2n = Vλ1 ⊕ · · · ⊕ Vλn ⊕ V−λn ⊕ · · · ⊕ V−λ1 .
This means that there exists a symplectic K-basis {u1, · · · , un, vn, · · · , v1} of
K2n such that the representation matrix of β with respect to the basis is
[
Λ 0
0 −τΛ
]
with Λ =
λ1 . . .
λn
 .
In other word, there exists a g ∈ G(K) such that gβg−1 =
[
Λ 0
0 −τΛ
]
.
We can choose
β′ =
[
A 0
C −τA
]
+ β0 ∈ g(OF )
such that χβ′(t) = χβ(t) with
A =

0 0
1 0
. . .
. . .
0 1 0
 , C =

0 · · · 0 1
0 · · · 0 0
...
...
...
0 · · · 0 0
 ,
15
and the entries of β0 are zero except the elements of the first row and of the
last column. Then there exists a g ∈ G(K) such that gβ′g−1 = β. Because T =
ZG(β) splits over K, the first Galois cohomology group H
1(Gal(K/F ), T (K))
is trivial. So there exists a g ∈ G(F ) such that gβ′g−1 = β. Due to Iwasawa
decomposition G(F ) = G(OF )T (F )U(F ), we can put g = ktu with k ∈ G(OF ),
u ∈ U(F ) and
t =
[
̟−m 0
0 τ̟−m
]
∈ T (F ) with m = (m1. · · · ,mn) ∈ Z
n.
Then tuβ′u−1t−1 = k−1βk ∈ g(OF ) and
tuβ′u−1t−1 =
[
X ∗
Y −τX
]
with
X =

∗ ∗ · · · ∗
̟m2−m1 ∗ · · · ∗
. . .
. . .
...
̟mn−mn−1 ∗
 , Y =

0 · · · 0 ̟−2mn
0 · · · 0 0
...
...
...
0 · · · 0 0
 .
This implies that m1 ≤ m2 ≤ · · · ≤ mn ≤ 0. On the other hand
χβ′(t) (mod p) = χβ(t) (mod p) ∈ F[t]
is irreducible, we have m1 = m2 = · · · = mn = 0. 
5.6 We have proved the followings;
1) the irreducible supercuspidal representations πβ,θ = ind
G(F )
G(OF )
δβ,θ are generic,
2) HomG(F )
(
πβ,θ, Ind
G(F )
U(F )χu
)
6= 0 with u = (2, 2, · · · , 2, ̟e) if and only if
e ≡ r (mod 2).
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